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Abstract

A large number of bilateral teleoperation control architectures in the
literature have been designed based on assumed impedance models
of the master and slave manipulators. However, hydraulic or heavily
geared and many other manipulators cannot be properly described
by impedance models. In this paper, a common four-channel bilat-
eral control architecture designed for the above impedance models
is extended to teleoperation systems with master and slave manip-
ulators of either the admittance or impedance type. Furthermore,
control parameters that provide perfect transparency under ideal
conditions are found for each type of teleoperation system. Because
in practice such parameters may not lead to systems that are robust
to time delays and model uncertainties, an analysis of the stability
and performance robustness of this very general architecture and
two-channel architectures is also presented. The analysis uses the
passivity-based Llewellyn two-port network absolute stability crite-
rion, as well as bounds on the minimum and range of values of the
impedance transmitted to the operator. The results of these evalu-
ations provide design guidelines on choosing a particular control
architecture and its parameters given different master and slave ma-
nipulator structures.

KEY WORDS—absolute stability, bilateral control, two-port
network, teleoperation, transparency

1. Introduction

Teleoperators are designed to enable humans to manipulate
dangerous, remote, or delicate tasks via master-slave robotic
manipulators with enhanced safety, at lower cost, or even with
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better accuracy. Teleoperation has found applications in many
areas including space technologies, underwater explorations,
military/fire-fighting operations, mining, nuclear/toxic waste
handling and disposal, surgery, rehabilitation, training, ed-
ucation, and entertainment (Sheridan 1989; Melchiorri and
Eusebi 1996).

Besides stability, which is the fundamental requirement for
every control system, transparency or telepresence is the prin-
cipal goal in bilateral teleoperation controller design. Trans-
parency, interpreted as the accurate rendering of the envi-
ronment to the operator, is technically achieved if the slave
position and force follow the master position and force faith-
fully. Toward this end, several bilateral control architectures
have been developed. A survey of most of the proposed ar-
chitectures can be found in Brooks (1990), Melchiorri and
Eusebi (1996), and Salcudean (1998). These architectures
can be categorized based on the number and the type of sig-
nals transmitted between master and slave. In theory, four-
channel (and even three-channel) control architectures that
incorporate both master and slave position and force infor-
mation exchange can offer perfect transparency (Lawrence
1993; Yokokohji and Yoshikawa 1994; Hashtrudi-Zaad and
Salcudean 1999). However, in practice, the dynamics of the
operator and especially the environment vary drastically, com-
promising both performance and stability. Moreover, delays
in the data transmission channels further complicate the de-
sign problem (Lawrence 1993; Salcudean et al. 1995; Daniel
and McAree 1998). Therefore, there is a need for guidelines in
adjusting the control parameters for a good trade-off between
stability robustness and performance.

A majority of the control architectures proposed are tai-
lored for teleoperation systems with impedance types of mas-
ter and slave manipulators that are driven by “force source”
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actuators such as DC motors. In this paper, the 4C bilat-
eral control architecture presented in Lawrence (1993) is ex-
tended to teleoperation systems with admittance types of mas-
ter and/or slave manipulators, and conditions leading to per-
fect transparency under ideal provisions are presented.

This work uses Llewellyn’s absolute stability criterion
(Haykin 1970) and the minimum and the dynamic range or Z-
width (Colgate and Brown 1994) of the transmitted impedance
to the operator to analyze the stability and performance ro-
bustness of a number of well-known two-channel and four-
channel control architectures given different master and slave
manipulator structures. A framework for robust bilateral con-
troller design is then proposed. This approach was inspired by
Adams and Hannaford (1999) and addresses robust controller
design for haptic interaction.

In this paper, two-port network immittance matrices fol-
lowed by absolute stability and performance evaluation tools
are introduced in Section 2. Dynamic models for four-channel
bilateral teleoperation control systems with impedance or ad-
mittance types of master and slave manipulators are presented
in Section 3. The transparency-optimized control law for an
impedance-impedance type of teleoperation system are re-
viewed and extended to other types of teleoperation systems
in Section 4. The evaluation tools introduced in Section 2
are then used in Section 5 to study the trade-offs between
stability and performance for two-channel and four-channel
control architectures. The above analysis is employed to pro-
vide guidelines on tuning bilateral controller parameters for
different types of teleoperation systems. Dynamic simulation
results are included for verification. Finally, conclusions are
drawn in Section 6.

2. Stability Robustness and Performance
Evaluation Tools

Consider the block diagram of a teleoperation system as
shown in Figure 1, where the master, slave, and communi-
cation channel models are lumped into a linear-time-invariant
(LTI) master-slave two-port network (MSN) block. The op-
erator and environment are assumed to be in contact with
the master and slave and are modeled around their contact-
operating point in the Laplace domain by lumped LTI dynam-
ics (Raju, Verghese, and Sheridan 1989; Hannaford 1989a):

Fh = F!h − ZhVh (1)

Fe = F!e + ZeVe, (2)

where Zh, Ze, Vh, Ve, Fh, Fe, F
!
h , and F!e are the master and

slave impedances and velocities, the operator force on the
master, the slave force on the environment, and the exogenous
force inputs generated by the operator and the environment,
respectively. These LTI models will be employed to study the
system performance, whereas the stability analysis tool used
in this paper is independent of the operator and environment
linearity.
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Zto
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+

-
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Fig. 1. A teleoperation network block diagram.

Depending on the choice of the network input and output
variables ! and O, impedance Z, admittance Y, hybrid H,
and inverse hybrid G, network matrices are defined as (Haykin
1970; Adams and Hannaford 1999)

[

Fh

Fe

]

= OZ := Z!Z =
[

z11 z12
z21 z22

] [

Vh

−Ve

]

(3)
[

Vh

−Ve

]

= OY := Y!Y =
[

y11 y12
y21 y22

] [

Fh

Fe

]

(4)
[

Fh

−Ve

]

= OH := H!H =
[

h11 h12
h21 h22

] [

Vh

Fe

]

(5)
[

Vh

Fe

]

= OG := G!G =
[

g11 g12
g21 g22

] [

Fh

−Ve

]

, (6)

where each of the above matrices, if they exist, can be found
given any of the other matrices. The above representations fall
into the immittance category defined as PP := OP !P, P =
[pij ] i, j = 1, 2, in which OT

P!P = OT
Z!Z = OT

Y!Y =
OT

H!H = OT
G!G = FhVh−FeVe is the instantaneous power

delivered to the MSN. Hence, the class of immittance repre-
sentations is of particular interest to the energy-based stability
analysis tools such as passivity theory.

Passivity theory has been employed to design passive
MSNs (Raju, Verghese, and Sheridan 1989; Anderson and
Spong 1989; Lawrence 1993) that render the teleoperation
system passive and stable when terminated by strictly passive
operator and environment dynamics. Passivity of the MSN
is a conservative condition. Instead, a structured singular
value condition (Colgate 1993) or absolute stability condi-
tion (Adams and Hannaford 1999) guarantees stability in a
nonconservative way by ensuring passivity of the one-port
networks resulted from terminating the MSN by any passive
environment and operator. Llewellyn’s absolute stability con-
dition is expressed in terms of the MSN immittance matrices
in the following (Haykin 1970):

An LTI two-port network is absolutely stable if and only if

• p11 and p22 are positive real and

• the inequality

ηP(ω) := −"{p12p21}
|p12p21|

+ 2
"{p11}"{p22}

|p12p21|
≥ 1 (7)
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holds on the jω axis for all ω ≥ 0, where ηP(ω) is
called the network stability parameter and | · | and "{·}
denote the absolute and real values of their correspond-
ing arguments.

The positive realness of p11 and p22 implies passivity of the
master and slave when there is no coupling between them, that
is, when p12 = p21 = 0. This can also be viewed as the pas-
sivity of the master and slave when they are free or clamped.
On the other hand, condition (7) incorporates the effect of
coupling. After expanding the positive realness condition,
Llewellyn’s absolute stability conditions are equivalent to the
following conditions:

• the immittance parameters p11 and p22 have no poles
in the open right-half-plane (RHP),

• any poles of p11 and p22 on the imaginary axis are
simple and have real and positive residues , and

• the inequalities

"{p11} ≥ 0 (8)

ηP(ω) = − cos($ p12p21) + 2
"{p11}"{p22}

|p12p21|
≥ 1 (9)

hold, where cos( $ Z) := "{Z}
|Z| for any complex Z. Llewel-

lyn’s criterion is valid for any member of the immittance
class, and moreover the value of the stability parameter is
independent of the immittance matrix employed, that is,
ηY = ηZ = ηH = ηG (Haykin 1970). This property will be
used in Section 5 to compare the stability parameters of differ-
ent two-channel control architectures. In fact, to simplify the
stability analysis, the stability parameter for each architecture
will be expressed in terms of a different network matrix.

Absolute stability depends on the network parameters
alone and is not subject to the operator or environment lin-
earity. A system that is not absolutely stable (i.e., if any
of the above conditions is not satisfied) is called potentially
unstable (Haykin 1970; Adams and Hannaford 1999), im-
plying that there exists a particular pair of passive operator
and environment that destabilizes the system. However, this
does not mean that a potentially unstable system is necessarily
unstable.

Hogan (1989) has shown that the human arm impedance
is highly adaptable and time varying, and although the mus-
cular actuators and the neural feedback driving the arm are
active systems, the human hand shows passive characteris-
tics. Therefore, the operator can be modeled by a state in-
dependent (exogenous) input force and a passive impedance
as in (1) (Colgate and Hogan 1988). As for the environment,
most of the objects with which we interact are passive and
absorb energy. Because the dynamic range of the operator
impedance is not as wide as that of the environment, and in
some cases the upper bound on the impedance of the object to

be manipulated is known a priori, the above absolute stability
analysis may provide us with conservative stability condi-
tions. To find more relaxed conditions, one can replace the
operator or environment impedance by an ideal impedance
with infinite dynamic range shunted with an impedance equal
to the operator or environment maximum impedance value,
respectively. Then, one may proceed by absorbing the shunt
impedance into the MSN and applying Llewellyn’s criterion
to the new two-port network as described in Appendix A.

After stability, transparency is the principal goal of tele-
operation control system design. Transparency can be de-
scribed quantitatively as a match between the environment
impedance and the impedance transmitted to the operator;
that is, Zto := Fh

Vh
|F!e =0 = Fe

Ve
|F!e =0 := Ze (Lawrence 1993).

Using (1)-(2) and (5), Zto can be expressed in terms of the
MSN hybrid parameters as

Zto = h11 +$h · Ze

1 + h22Ze
, (10)

where $h := h11h22 − h12h21. If the hybrid parameters
are not functions of Zh and Ze, perfect transparency can be
achieved if

h11 = h22 = 0 Transparency (11)

h12 = −h21 = 1 Condition-set (12)

is satisfied (Hannaford 1989a). Hence, a perfectly transpar-
ent system is marginally absolutely stable, as "{h11} = 0
and ηH = 1 in (8)-(9). Therefore, to have higher stability
robustness, perfect transparency has to be compromised. In
addition, due to the presence of significant transmission delay,
there is a trade-off between stability and performance; con-
sequently, perfect transparency is not attainable in practice
(Hannaford 1989b; Lawrence 1993; Salcudean et al. 1995).
Therefore, one should examine Zto for the infinite spectrum of
the environment impedance to evaluate system transparency,
which is an involved process. To ease the burden and to quan-
tify transparency, Zto is examined for extreme values of Ze,
that is, when the slave is in free motion (Ze = 0) or clamped
(Ze →∞). If the network parameters are not functions of
Zh and Ze, the minimum value and dynamic range of the
transmitted impedance can be evaluated as follows:

Ztomin := Zto|Ze=0 = h11 (13)

Ztowidth := Zto|Ze→∞ − Ztomin = −h12h21

h22
. (14)

Here, the notion of Z-width is borrowed from haptic literature
(Colgate and Brown 1994) to express the dynamic range of
the impedance transmitted to the operator while maintaining
stability. The choice of Z-width is compliant with its orig-
inal definition in Colgate and Brown (1994) as Llewellyn’s
criterion guarantees passivity of the transmitted impedance.
Good performance is then characterized by |Ztomin| → 0 and
|Ztowidth| →∞ .
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The above analysis and evaluation tools will be used later
to assess stability and performance of a number of commonly
used bilateral control architectures when applied to different
types of teleoperation systems as categorized by properties of
their master and slave manipulators.

3. Teleoperation System Types

In general, manipulators can be categorized as being devices
of the admittance or impedance type, depending on whether
they behave like velocity or force sources, respectively. This
behavior is determined by the structural design and actuation
employed by the manipulator. By definition, an impedance
device receives a force command and applies force to its en-
vironment in response to its measured position (Adams and
Hannaford 1999). For example, magnetically levitated wrists
(Hollis, Salcudean, and Allan 1991) and SensAble’s Phan-
tom (Massie and Salisbury 1994) are among the devices that
possess high back-drivability and low impedance. On the
other hand, an admittance device receives a velocity/position
command and applies a velocity/position to its environment
in response to its measured contact force. As an example, a
heavily geared Puma robot (Clover et al. 1997) or hydraulic
robots such as excavators (Salcudean et al. 1998) are admit-
tance devices with low back-drivability and low compliance.

By closing a properly designed position or force control
loop around a device, it is possible to change the manipulator
type from impedance to admittance or vice versa, as viewed
from outside of the control loop. However, this change is
limited by robustness considerations. Throughout this paper,
the LTI dynamic models

ZmVh = Fh + Fcm Impedance Master (15)

ZsVe = −Fe + Fcs Impedance Slave (16)

YmFh = Vh + Vcm Admittance Master (17)

YsFe = −Ve + Vcs Admittance Slave (18)

are used for impedance/admittance types of master and slave
manipulators, where Zm, Zs, Ym, Ys and Fcm, Fcs, Vcm, Vcs

denote the master and slave dynamics and their control in-
puts. Zm, Zs and Ym, Ys are typically low impedance and
admittance dynamics, respectively.

Based on the above manipulator categories, there exist
four different types of teleoperation systems: impedance-
impedance, impedance-admittance, admittance-impedance,
and admittance-admittance. Figure 2 shows the block dia-
gram of the four types of teleoperation systems controlled by
general 4C bilateral controllers. Td denotes the communica-
tion channel time delay, and the C and E blocks denote the
control compensator transfer functions.

In all four bilateral controllers, there are generally two
types of control signals applied to the master and slave
actuators. One type is from local controllers, that is,

C5, C6, Cm, Cs and E5, E6, Em, Es , built around the master
and slave. The other is from feedforward controllers, that is,
C1, · · · , C4 and E1, · · · , E4, sending signals to the remote
site. The feedforward control signals applied to the master
or slave can be of either position or force type, which is de-
termined by the type of the manipulator. For example, the
feedforward signal to an impedance device has to be of the
force type. This signal can be either the remote site measured
contact force (e.g., C2Fe or C3Fh) or the coordinating force
created by passing the remote manipulator measured position
through an impedance-type filter (e.g., C1Vh or C4Ve). In a
dual way, the feedforward signal to an admittance device has
to be a measured position (e.g., E2Ve or E3Vh) or the co-
ordinating position created by passing the remote measured
contact force through an admittance-type filter (e.g., E−1

1 Fh

or E−1
4 Fe).

Table 1 provides a typical description and model of the
subsystem blocks assumed in this paper. The force control
parameters C2, C3, C5, C6 and the position control parame-
ters E2, E3, E5, E6 are assumed to be scalar gains. This as-
sumption allows for the analytical study of the system stability
parameter ηP introduced in (9). If these parameters are fre-
quency dependent, then a numerical study has to be performed
instead of a qualitative analysis to examine the trade-offs be-
tween performance and stability. To avoid introducing new
parameters, no specific models are presented for Ym, Ys, Em,
and Es . Instead, all the mathematical derivations in Sections
4 and 5 will be concerned with the impedance-impedance
type system of Figure 2a. A mapping will be provided to find
equivalent relationships for systems with admittance master
and/or slave. For controller performance evaluation, Zh and
Ze are modeled by LTI systems in this paper. The stability
analysis does not change if the operator and environment are
modeled as nonlinear passive systems.

4. Four-Channel Architectures and
Transparency-Optimized Control Laws

In the following, the four-channel bilateral control architec-
ture for the impedance-impedance teleoperation system of
Figure 2a is considered. Conditions on the control parame-
ters leading to perfect transparency under ideal provisions are
derived. The results for impedance-admittance, admittance-
impedance, and admittance-admittance teleoperation systems
are summarized in Appendix B.

4.1. Impedance-Impedance Type of Teleoperation Systems

After applying the control commands Fcm and Fcs to the
impedance-impedance system of Figure 2a, the dynamics of
the closed-loop system are expressed as

ZcmVh + C4e
−sTd Ve = (1 + C6)Fh − C2e

−sTd Fe (19)

ZcsVe − C1e
−sTd Vh = C3e

−sTd Fh − (1 + C5)Fe, (20)
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Fig. 2. Block diagrams of four types of teleoperation systems controlled by general four-channel bilateral controllers.
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Table 1. Nomenclature and Typical Description of Subsystems in the General Bilateral Teleoperation Control
Systems of Figure 2 (the Models Used for the Analysis Given in Sections 4 and 5 Are Described by Transfer
Functions in the Laplace Domain)

Block Description Model

Impedance models of master and slave
Zm Master impedance Mass, Mms

Zs Slave impedance Mass, Mss

Cm Master local position controller Damper spring, Bm + Km
s s

Cs Slave local position controller Damper spring, Bs + Ks
s

C1 Master coordinating force feedforward controller Impedance filter
C2 Slave force feedforward controller Scalar gain
C3 Master force feedforward controller Scalar gain
C4 Slave coordinating force feedforward controller Impedance filter
C5 Slave local force controller Scalar gain
C6 Master local force controller Scalar gain

Admittance models of master and slave
Ym Master admittance Admittance transfer function
Ys Slave admittance Admittance transfer function
Em Master local force controller Impedance filter
Es Slave local force controller Impedance filter
E1 Master coordinating position feedforward controller Impedance filter
E2 Slave position feedforward controller Scalar gain
E3 Master position feedforward controller Scalar gain
E4 Slave coordinating position feedforward controller Impedance filter
E5 Slave local position controller Scalar gain
E6 Master local position controller Scalar gain

Operator and environment
Zh Operator impedance Impedance transfer function
Ze Environment impedance Impedance transfer function
F!h Operator exogenous force input -
F!e Environment exogenous force input 0
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where Zcm := Zm + Cm and Zcs := Zs + Cs . To analyze
system stability and performance, one needs the MSN hybrid
parameters. These parameters can be derived in terms of the
system and control parameters from (5) and (19)-(20) as

h11 = ZcmZcs + C1C4e
−2sTd

(1 + C6)Zcs − C3C4e−2sTd
(21)

h12 = C2Zcse
−sTd − C4(1 + C5)e

−sTd

(1 + C6)Zcs − C3C4e−2sTd
(22)

h21 = −C3Zcme−sTd + C1(1 + C6)e
−sTd

(1 + C6)Zcs − C3C4e−2sTd
(23)

h22 = (1 + C5)(1 + C6) − C2C3e
−2sTd

(1 + C6)Zcs − C3C4e−2sTd
. (24)

Using (10) and (21)-(24), the operator-transmitted impedance
is obtained as

Zto =
(ZcmZcs + C1C4e−2sTd ) + [(1 + C5)Zcm + C1C2e−2sTd ]Ze

[(1 + C6)Zcs − C3C4e−2sTd ] + [(1 + C5)(1 + C6) − C2C3e−2sTd ]Ze

(25)

If the time delay Td is negligible, using














C1 = Zcs Impedance-impedance
C2 = 1 + C6 Transparency-optimized
C3 = 1 + C5 Control law
C4 = −Zcm

(26)

and (C2, C3) $= (0, 0), known as the transparency-optimized
control law, satisfies (11)-(12) to provide perfect transparency
(Lawrence 1993; Hashtrudi-Zaad and Salcudean 1999). The
physical interpretation of (26) is that in order to achieve trans-
parency, the master and slave dynamics have to be canceled
out using inverse dynamics and the forces fed forward have
to match the net forces exerted by the operator and the en-
vironment. In this case, the master and slave are effectively
removed and the operator and the environment are virtually
connected. Because in practice, acceleration signals are not
available or are too noisy, only the master and slave positions
and velocities are transmitted, that is, C1 = Cs = Bs + Ks

s

and C4 = −Cm = −(Bm + Km
s ).

As for stability of the transparency-optimized four-channel
controller, the system characteristic equation under ideal con-
ditions is

$0 = (C2Zcs + C3Zcm)(Zh + Ze) = 0. (27)

This indicates that if C2 and C3 are single gains and the op-
erator and environment are passive, the system remains stable
if C2 > −min(Mm

Ms
, Bm

Bs
, Km

Ks
)C3 holds. In terms of stability

robustness, although this system is stable for C2, C3 > 0,
because h11 = h22 = 0 and h12 = −h21 = 1, the system

absolute stability is marginal as η = 1. Note that because the
term C2Zcs +C3Zcm is present in the denominator of h11 and
h22 for Td ≈ 0, it cannot have roots in the RHP to be used in
Llewellyn’s conditions (8)-(9).

In the absence of time delays, the analysis of stability
and performance is straightforward and stable perfect trans-
parency is achievable. However, when significant delays are
present, both stability and transparency are compromised and
their analysis becomes too involved. Instead, one can use the
analysis tools introduced in Section 2 to numerically evaluate
stability robustness and transparency performance for differ-
ent control architectures.

5. Stability and Performance Analysis and
Evaluation of Two-Channel and
Four-Channel Control Architectures

The four-channel control architectures presented in Figure 2
are simplified if only one signal—position or force—is trans-
mitted from the master or slave. Four two-channel control ar-
chitectures are possible, named for the variable measured and
sent to the remote site: force-force (F-F), position-position
(P-P), force-position (F-P), and position-force (P-F). Two-
channel architectures have been reported in a number of pa-
pers (Handlykken and Turner 1980; Hannaford and Ander-
son 1988; Raju, Verghese, and Sheridan 1989; Anderson and
Spong 1989; Brooks 1990; Kazerooni, Tsay, and Hollerbach
1993). Because they require fewer sensors and are less com-
plicated, two-channel architectures are desirable. In addition,
due to the simplifications provided by eliminating two out of
four data transmission channels, the analytical study of the
two-channel architectures is easily done. The analysis in this
section is aimed at providing the teleoperation control sys-
tem designer with an initial choice of control architecture and
parameters based on the type of master and slave.

In this section, the stability and performance of an
impedance-impedance type of teleoperation system con-
trolled by two-channel controllers is discussed in the presence
of significant delays. To cover for the other three types, it is
assumed that the local position controllers are tight enough
to create admittance master and/or slave with any desired ad-
mittance. This assumption can be justified by considering
the dynamics and the control applied to an impedance device,
say the slave. The slave closed-loop dynamics (20) can be
rearranged as

1
Zcs

Fe = −Ve + 1
Zcs

[−C5Fe + C1e
−sTd Vh

+ C3e
−sTd Fh].

(28)

Comparing (28) with the dynamics of an admittance-type
slave in (18), one concludes at Ys = 1

Zcs
and Vcs =
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Table 2. Parameter Mapping That Allows for the Analysis of Impedance-Admittance,
Admittance-Impedance, and Admittance-Admittance Teleoperation Systems Using Math-
ematical Derivations (Such As Network Parameters, Transmitted Impedance, Stability Pa-
rameter) Obtained for an Impedance-Impedance System

Master Slave

Impedance Admittance Impedance Admittance

Zcm ←→ 1 + E6 Zcs ←→ 1 + E5
C4 ←→ E2 C1 ←→ E3

C2 ←→ E−1
4 C3 ←→ E−1

1
1 + C6 ←→ Yem 1 + C5 ←→ Yes

1
Zcs

(−C5Fe+C1e
−sTd Vh+C3e

−sTd Fh). If the slave local po-
sition feedback is needed, then part of CsVe can be kept in Vcs .
It is clear that if Zcs is assumed to be high, then 1

Zcs
can repre-

sent the low admittance of an admittance device, the amount
of which can appropriately be controlled by a local position
controller Cs . Also, in case an impedance-type representation
of an admittance master and/or slave as presented in (28) is not
possible, the robustness analysis equations for the other three
types of teleoperation systems are easily achievable. This can
be done by substituting for C1, · · · , C6 and Zcm and Zcs from
Table 2 in the analytical equations that will be derived for an
impedance-impedance type of system in Section 5.1. Note
that Yem := Ym + E−1

m and Yes := Ys + E−1
s .

5.1. Two-Channel Control Architectures

In the following, the stability robustness and performance
evaluation tools introduced in Section 2 will be employed to
analyze the two commonly used two-channel control archi-
tectures P-P and F-P. The results for the F-F and P-F control
architectures are presented in Appendix C.

5.1.1. Position-Position Control Architecture

Position-position (P-P) is the first bilateral control architec-
ture that was implemented in the 1950s. In this control archi-
tecture, which was further developed and analyzed in Raju,
Verghese, and Sheridan (1989), Anderson and Spong (1989),
Niemeyer and Slotine (1991), and Salcudean, Wong, and Hol-
lis (1995), the direct force feedforward terms are set to zero;
that is, C2 = C3 = 0. For this controller, the hybrid parame-
ters in (21)-(24) are

h11 = ZcmZcs + C1C4e
−2sTd

(1 + C6)Zcs
, h12 = −C4(1 + C5)e

−sTd

(1 + C6)Zcs

h21 = −−C1e
−sTd

Zcs
, h22 = (1 + C5)

Zcs
. (29)

To study system stability robustness, one needs to evaluate the
MSN stability parameter in (9) by substituting the immittance
parameters with the hybrid ones. Because h11 is the sum of
two terms, one of which is delay dependent, it is too difficult

to analytically study the system absolute stability using the
hybrid representation. Among other network matrices, the
impedance parameters that can be found from the hybrid pa-
rameters are not directly a function of h11. Instead, because
the value of the stability parameter is independent of the type
of the network matrix used, that is, ηH = ηZ, the impedance
parameters

z11 := $h

h22
= Zcm

1 + C6
, z12 := h12

h22
= −C4e

−sTd

1 + C6

z21 := −h12

h22
= C1e

−sTd

1 + C5
, z22 := 1

h22
= Zcs

1 + C5
(30)

are used in (9) to yield

ηpp(ω) = ηpp1 + ηpp2 = − cos($
−C1C4e

−j2ωTd

(1 + C5)(1 + C6)
)

+ 2
"{ Zcm

1 + C6
}"{ Zcs

1 + C5
}

| C1C4e
−j2ωTd

(1 + C5)(1 + C6)
|

(31)

= sgn((1 + C5)(1 + C6))[− cos( $ − C1C4e
−j2ωTd )

+ 2
"{Zcm}"{Zcs}

|C1C4|
]. (32)

Because |e−j2ωTd | = 1, ηpp2 is independent of delay. Thus,
the effect of delay on system stability is restricted to only one
term, that is, ηpp1. Because ηpp1 ∈ [−1, 1], and it includes
ej2ωTd , the absolute stability of the system can be guaranteed
only when ηpp2 ≥ 2, that is, sgn((1+C5)(1+C6))|C1C4| ≤
"{Zcm}"{Zcs}. This shows that there has to be a minimum
amount of damping in the master and slave. To reduce damp-
ing at the master while maintaining absolute stability, the
amount of damping has to be increased at the slave and vice
versa. In addition, higher damping or velocity feedback at
the master and slave and lower coordinating force feedfor-
ward enhances system absolute stability. However, because
"{Zcm}"{Zcs} is not frequency dependent, but |C1C4| is,
the above condition is implementable only for some range of
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frequencies; therefore, ηpp cannot be ≥ 1 for all frequencies.
The effect of local position feedback on stability robustness is
more significant than the effect of local force feedback. This
is caused by the master and slave sending out only position
signals, and intuitively positions are primarily controlled by
position controllers. As for the second condition of absolute
stability, the passivity of the uncoupled master (z11) and slave
(z22) is guaranteed because Zcm and Zcs are passive.

To investigate performance, (13)-(14) are used to obtain

Ztomin = Zcm

1 + C6
− Ztowidth

Ztowidth = −C1C4e
−2sTd

(1 + C6)Zcs
.

(33)

Attenuation of the force feedforward parameters C1 and C4
to enhance stability robustness in (32) degrades performance
as Ztowidth decreases. This behavior clearly shows the com-
promise between stability and performance in terms of the
feedforward parameters. On the other hand, allowing larger
local force feedback parameters C6 has a mixed effect on per-
formance Ztomin and Ztowidth as both decrease. Finally, a
decrease in local position feedback parameters Cm and Cs

enhances performance in free motion and transparency band-
width at the cost of degraded stability robustness. By com-
paring (33) with (51) of the F-F architecture in Appendix C,
one can note that Ztomin is lower for the P-P architecture. In
fact, (Ztowidth)ff = (Ztomax)pp.

If the transparency-optimized law (26) is used in choosing
C1 = Zcs and C4 = −Zcm, the conventional P-P architecture
is implemented (Lawrence 1993), and ηpp simplifies to

ηpp(ω) = sgn((1 + C5)(1 + C6))[− cos( $ ZcmZcse
−j2ωTd )

+ 2 cos($ Zcm) cos($ Zcs)]. (34)

In this case, ηpp is neither a function of the force feedfor-
ward parameters nor a strong function of the master and slave
damping terms "{Zcm}"{Zcs}. The only way to slightly
improve the stability robustness is through cos( $ Zcm) and
cos($ Zcs) by increasing the relative amount of damping in
the master and slave dynamics. Figure 3 shows the effect of
damping and stiffness on cos( $ Z). As damping increases, the
curve flattens out, making the system more robust, whereas
an increase in stiffness increases the peak frequency and
narrows the frequency response. If the time delay is neg-
ligible, by using hybrid parameters it is possible to show
that ηpp = sgn( 1

(1+C5)(1+C6)
) cos($ Zcm

Zcs
) ≤ 1, ∀ω ≥ 0 and

Ztomin → 0, implying good performance when operating on
soft objects or in free motion at the cost of potential instability.
The frequency ωo at which ηpp is maximized is determined

from Bm
Bs

= Mmωo− Km
ωo

Msωo− Ks
ωo

. In this case, the stability parameter

flattens out to unity at all frequencies; that is, the system is
marginally absolutely stable if and only if Mm

Ms
= Bm

Bs
= Km

Ks

holds. This can be achieved by proper selection of the local
position control parameters for impedance devices and local
force control parameters for admittance devices (recall from
Table 2 that Zcm maps to 1 + E6 for admittance devices).

5.1.2. Force-Position Control Architecture

The force-position (F-P) control architecture, also known as
flow forward or force feedback, has been developed, imple-
mented, and analyzed by many researchers for the past two
decades (Handlykken and Turner 1981; Hannaford and An-
derson 1988; Lawrence 1993; Leung, Francis, and Apkarian
1995). In this architecture, direct force feedforward from the
master to the slave and coordinating force feedfoward from
the slave to the master are removed; that is, C3 = C4 = 0.
From (21)-(24), the hybrid parameters

h11 = Zcm

1 + C6
, h12 = C2e

−sTd

1 + C6
,

h21 = −C1e
−sTd

Zcs
, h22 = 1 + C5

Zcs
(35)

are obtained whereas the stability parameter is given by

ηfp(ω) := ηfp1 + ηfp2 = cos($
C1C2e

−j2ωTd

(1 + C6)Zcs
)

+ 2
"{ Zcm

1+C6
}"{1 + C5

Zcs
}

|−C1C2e
−j2ωTd

(1 + C6)Zcs
|

(36)

= sgn(1 + C6)[cos( $
C1C2e

−j2ωTd

Zcs
)

+ 2
(1 + C5)"{Zcm}

|C1C2|
cos($

1
Zcs

)],
(37)

where cos($ 1
Z ) = cos( $ Z). Similar to the P-P architec-

ture, the absolute stability condition (9) is met over a cer-
tain range of frequencies in which ηfp2 ≥ 2, that is, when
(1 + C5)"{Zcm} ≥ sgn(1 + C6)|C1C2|. This implies that
to increase stability robustness, master damping (Hannaford
and Anderson 1988) and slave local force feedback should
be amplified (i.e., higher master and lower slave impedances)
(Hannaford 1989b), whereas force feedforward should be at-
tenuated. This suggests that in terms of stability robustness,
the F-P architecture is suitable for an admittance-impedance
type of teleoperation system. To guarantee absolute stability
for a broad range of frequencies, the feedforward control pa-
rameter C2 has to be a low-pass filter instead of a constant
as assumed in Table 1. This is because at high frequencies,
cos( $ 1

Zcs
) = cos( $ Zcs) → 0, as shown in Figure 3, and as a

result ηfp2 converges to zero. In this case, (37) is no longer
valid and (36) has to be used instead. Note from (37) that
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Fig. 3. Study of the effect of damping B and stiffness K on cos($ Z), where Z := Ms + B + K
s is the impedance model of a

linear-time-invariant mass-damper-spring system.

there has to be a minimum amount of damping at the mas-
ter side. The effect of local master force feedback and slave
position feedback on absolute stability is not as significant as
the effect of local master position and slave force feedback.
This makes intuitive sense as the master and slave are only
transmitting position and force, respectively. Finally, master
damping has a considerably stronger effect on stability than
slave damping.

Using the hybrid parameters in (35), Ztomin and Ztowidth

are derived as

Ztomin = Zcm

1 + C6
, Ztowidth = C1C2e

−2sTd

(1 + C5)(1 + C6)
. (38)

Similar to the P-P architecture, an increase in the force feed-
forward control parameters C1 and C2 improves transparency
bandwidth. On the other hand, higher local force feedback
parameters C5 and C6 lead to lower Ztomin and Ztowidth.
A decrease in master local position feedback Cm enhances
performance in free motion at the cost of degraded stability
robustness.

If the control law (26) is used to achieve the conventional
F-P architecture (i.e., C1 = Zcs and C2 = 1+C6) (Lawrence

1993), then ηfp in (37) further simplifies to

ηfp(ω) = cos($ e−j2ωTd ) + 2
1 + C5

1 + C6
"{Zcm}"{ 1

Zcs
.}

(39)

Comparing (37) and (39), one can see that the stability param-
eter has been modified such that it is significantly dependent
not only on the local master position and slave force feedback
but also on the local master force and slave position feedback.
For example, higher slave damping may now destabilize the
system as "{ 1

Zcs
} becomes smaller, as shown in Figure 4.

In this case, to guarantee stability for any passive operator
and environment, 1+C5

1+C6
"{Zcm}"{ 1

Zcs
} ≥ 1 has to hold. This

condition is implementable only at midrange frequencies as
"{ 1

Zcs
} vanishes at low and high frequencies. If the time delay

is insignificant, then the system is always absolutely stable as
ηfp ≥ 1, ∀ω ≥ 0. However, in terms of performance, Ztomin

does not go to zero and Ztowidth does not become infinitely
wide, as observed for P-P in Section 5.1.1 and for F-F in
Appendix C.

5.1.3. Discussion

By comparing the stability parameters in (32), (37), (50), and
(55) and the performance measures in (33), (38), (51), and
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Fig. 4. Effect of damping B and stiffness K on "{ 1
Z }, where Z := Ms + B + K

s is the impedance model of a linear-time-
invariant mass-damper-spring system.

(56), one may conclude the following for any two-channel
control architecture:

• Stability robustness is enhanced if the feedforward con-
trol parameters are lowered. This is at the cost of
smaller dynamic range and/or higher minimum of the
transmitted impedance, implying a clear trade-off be-
tween stability and performance.

• Regardless of the feedforward control parameters, if
the measured force/position signal is sent to the remote
manipulator, the local force/velocity feedback at the
sender side has more significant influence on the system
absolute stability than the local position/force feedback
(Fig. 5).

• Performance-wise, an increase in local force feedback
parameters attenuates both Ztomin and Ztowidth. In ad-
dition, an increase in local position feedback parame-
ters increases Ztomin.

Based on stability considerations, Table 3 recommends a
control architecture (second column) for a particular type of
teleoperation system indicated in the first column. The third

column indicates two local control parameters that have a
significant effect on system stability robustness when the rec-
ommended architecture is used. The last column indicates the
other two local control parameters that may be used to tune the
performance with minimal effect on absolute stability. Note
that the control parameters listed in the third column can also
be used to tune the performance at the expense of overall sys-
tem stability robustness. For example, if the master and slave
are admittance devices, a P-P control architecture is likely to
provide higher stability robustness than other control architec-
tures. In that case, the master and slave local position control
parameters have more influence on system absolute stability,
whereas local force control parameters can be employed to
achieve better performance without compromising absolute
stability. However, by comparing the stability parameters in
(34), (39), (52), and (57), one observes that the above recom-
mendations are no longer valid if the feedforward parameters
are functions of the master and slave dynamics as well as
their local control parameters. For example, by employing
the transparency-optimized control law (26) in different two-
channel architectures, the stability parameters are modified
such that the effect of the local force and position feedback
on stability robustness changes drastically.
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Table 3. General Guideline on Choosing a Control Architecture for a Particular Type of Teleoperation
System Based on Stability Considerations

Hardware Recommended Local Feedback
Master - Slave Architecture Stability Performance

Admittance - admittance Position - position Master position Master force
Slave position Slave force

Admittance - impedance Force - position Master position Master force
Slave force Slave position

Impedance - admittance Position - force Master force Master position
Slave position Slave force

Impedance - impedance Force - force Master force Master position
Slave force Slave position

5.1.4. Simulation Results

In this subsection, a numerical study is employed to explore
the stability robustness and performance of F-F, P-P, F-P, and
P-F controllers when applied to an impedance-admittance
type of teleoperation system. Dynamic simulations using
Matlab Simulink are also used to further verify the benefits of
the parameter changes suggested for the proposed controllers.

The teleoperation system is assumed to be composed of
an impedance-type master with mass model Mm = 0.7 Kg,
Zm = 0.7 s and an admittance-type slave with dynamic
model Ys = 1

50s+800+ 20,000
s

. According to (28), Ys can be

generated by closing a tight position control loop C′
sVe =

(800 + 20,000
s )Ve around a slave with the impedance mass

model Ms = 50 Kg, Zs = 50 s. The manipulators are locally
controlled by position compensators Cm = 29.4 + 630

s and
Cs = 1300 + 25,000

s . The communication delay is assumed
to be 100 ms. Considering unity force feedforward scaling
C2 = C3 = 1 and no use of acceleration, the transparency-
optimized control parameters are derived from (26) accord-
ing to C1 = Cs + C′

s = 2100 + 45,000
s , C4 = −Cm =

−(29.4 + 630
s ), C5 = 1 − C3 = 0 , and C6 = 1 − C2 = 0.

As seen from Figure 6a, P-F is the only architecture with a
stability parameter larger than unity for all frequencies. This
verifies the choice of control architecture recommended for
the impedance-admittance type of teleoperation system in Ta-
ble 3. On the other hand, the dual architecture F-P is the least
robust as ηfp < 1 for all frequencies. The P-P controller
is the second most robust controller, with ηpp ≤ 1 only for
4 < ω < 35 rad/s. As for performance, from Figures 6b and
6c, P-P and F-P provide the best performance in free space and
hard contact with the lowest Ztomin and the highest Ztowidth,
respectively. By contrast, the P-F controller does not show
good performance in either free space or in contact.

To better understand the behavior of the above controllers,
dynamic simulations are conducted in which the system is
triggered by the exogenous input force, as illustrated in Fig-
ure 7. Here, F!h is composed of three frequencies 2.3, 6.1 ,
and 20.9 rad/s. The slave is assumed to either move in free

Master
Fh Fh

Fe VeVh

FeC6

C2

C5

CsCm

C3

Force Sending 
Device

Slave

Master
Fh

VeVh

FeC6 C5

CsCm

Device

Slave
Vh C1

Ve
C4

Master
Fh

Fe VeVh

FeC6

C2

C5

CsCm

Device

Slave
Vh C1

F-F Architecture

P-P Architecture

Position Sending Position Sending 

F-P Architecture

Position Sending 

Force Sending 

Device

Device

Master
Fh Fh

VeVh
C6

C4

C5

CsCm

C3

Force Sending 
Device

Slave

Device

Ve

P-F Architecture

Device
Force Sending 

Position Sending 

Fe

Fig. 5. Control signal flow diagram for the two-channel control
architectures. The control paths that have a more significant
effect on the system stability robustness are shown with solid
lines, and those that have a less significant effect are shown
with dashed lines. F-F= force-force, P-P=position-position,
F-P = force-position, P-F = position-force.
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motion Ke = 0 or operate on a hard environment with stiff-
ness Ke = 105 N/m. Figures 8 and 9 show the master and
slave performance for both environments.

As seen in Figures 8c and 8d and expected from Figure 6b,
the operator feels the lowest impedance in free motion with
the P-P controller. However, the operator feels a same higher
impedance with other controllers as both the master posi-
tion and force profiles are almost the same for F-F, F-P, and
P-F controllers. The only difference is that the F-P controller
provides better position tracking or kinematic correspondence
as |h21| = 1.

As the environment stiffness increases from zero, the
F-P controller becomes unstable for Ke ≥ 2500 N/m. This
may be considered as an indication of lower stability robust-
ness for the F-P architecture, as suggested in Figure 6a. The
F-F controller becomes unstable for Ke ≥ 3 × 105 N/m, and
P-P and P-F are stable for a much wider range of environ-
ment stiffness. Although potential instability does not imply
instability, in this experiment and in the following experi-
ments a general correspondence between the stability parame-
ter and the environment stiffness level above which instability
occurs is observed. Simulation results with hard environment
Ke = 105 (N/m) are reported in Figure 9. These results point
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at higher transmitted impedance to the operator by the F-F ar-
chitecture in comparison to other stable architectures P-P and
P-F. As expected, the P-P controller does not provide good
contact force control and the P-F and F-F architectures do not
provide good position control.

5.2. Suggestions for Stability/Performance Improvements
Based on the analytical results presented in Section 5.1.3,
changes to some of the local position and force control param-
eters are suggested to improve stability and/or performance
of the above controllers.

Because the recommended P-F controller is quite robust,
changes to the control parameters should be directed toward
better transparency performance. As suggested in Table 3,
the master local position and the slave local force feedback
parameters Cm and C5 can be adjusted for better performance
with minimal degradation in absolute stability. Because only
Cm changes Ztowidth, more damping and stiffness is injected
with the new Cm = 336 + 10080

s . In addition, because of
the significant stability robustness, some degradation in the
stability robustness may be acceptable. Toward this end, the
master local force control parameter C6, which has signifi-
cant effect on Ztowidth, is also modified to C6 = −0.67 for a
higher impedance dynamic range. Therefore, to enhance per-
formance, the master has to be transformed to an admittance
device. As shown in Figures 10a, 10b, and 10c, the modified
P-F controller has a wider Ztowidth and yet is still stably ro-
bust. Comparing Figures 8g and 8h and Figures 10d and 10e,
one realizes that although in free motion (Ke = 0), the sys-
tem is quite stiffer, kinematic correspondence improves sig-
nificantly. In hard contact (Ke = 105), both the transmitted
impedance and the position and force tracking performance
are enhanced significantly (see Figs. 10b, 10c, 10f, and 10g
and Figs. 9g and 9h).

As for the P-P controller, which is the second most ro-
bust controller, increasing Cm pushes the stability parameter
above the unity line, as shown in Figure 11a. Note that as
mentioned before, this is equivalent to having an admittance
master for which a P-P architecture is recommended in Table
3. An increase in Cm and a decrease in C6 improves perfor-
mance by increasing Ztomax = Ztomin + Ztowidth = Zcm

1+C6
.

This improvement in performance is easily observable from
comparing the force and position responses in Figures 11f
and 11g with those in Figures 9c, 9d-1, and 9d-2. In this
case, a higher level of stiffness is transferred to the opera-
tor and better position and force tracking is obtained. The
drawback is the degradation of transparency in free motion
as Ztomin increases. This can also be seen from dynamic
simulation results in Figures 11d and 11e, where the hand po-
sition/force has decreased/increased significantly. Note that
with the above modifications in the master local position and
force feedback parameters, the stability robustness, Ztomin

and Ztowidth, of both the P-F and P-P controllers is quite sim-
ilar with what can be observed from Figures 10a, 10b, and 10c

and Figures 11a, 11b, and 11c. In the same way, the position
and force responses are the same in Figures 10d, 10e, 10f, and
10g and Figures 11d, 11e, 11f, and 11g.

Because the F-P controller provided the best performance
if stable as seen from Figures 6b and 6c and Figures 8e and
8f, one may want to change the local control parameters to
increase stability robustness. Toward this end, from (37), one
may modify both Cm and C5 to 336 + 10080

s and 5 at the cost
of an increase in Ztomin and Ztowidth. As can be seen from
Figure 12a, although improved, the stability parameter still
remains under the unity level for a wide range of frequen-
cies. This is easily observable from the dynamic simulation
results in Figure 12 as the F-P controller remains unstable
for Ke = 105 N/m but is now stable for Ke ≤ 30, 000 N/m
instead of 3000 N/m. Therefore, it seems that due to stabil-
ity considerations, the F-P controller is not a suitable control
architecture for the impedance-admittance system considered
in this example.

5.3. Four-Channel Control Architecture
In this control architecture, each manipulator sends out both
position and force measurements. Therefore, according to
the observations made from the analysis for two-channel ar-
chitectures in Section 5.1, one may conjecture that (i) both
local force and position feedback are essential factors in the
absolute stability of the system and (ii) by increasing these
controls, stability robustness can be guaranteed. Although
the former sounds reasonable, in the latter, force and position
feedback act in opposite ways, in the sense that one softens
and the other stiffens the sender device. Therefore, only one
type of control at a time has to be significant depending on
the type of the environment to which the sender device is
connected. More specifically, when a device is in contact
with a hard environment, contact force is the dominant sig-
nal for transmission and local force/position control has to be
amplified/attenuated. In a dual manner, when a device is in
free motion or in contact with a soft environment, position
or velocity is the dominant signal for transmission and local
position/force control has to be amplified/attenuated. As a
result, regardless of the feedforward parameters, there should
be a balance between the local position and force feedback
levels. This balance can be realized by an adaptive mecha-
nism that automatically detects the contact type and tunes the
local feedback parameters accordingly. This strategy has been
implemented in a bilateral matched-impedance controller by
adjusting the master and slave dynamics based on the environ-
ment contact force to velocity ratio (Salcudean et al. 1999).

Figures 13a, 13b, and 13c show the stability parameter,
Ztomin and Ztowidth, of the 4C controller with the original
transparency-optimized parameters used in Section 5.1.4. As
mentioned in Section 5.1.3, by applying the transparency-
optimized law, the feedforward controls counteract the sta-
bilizing effects of local feedback controls. As is seen from

(Continued on page 439)
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Figure 8a and Figure 13a, the transparency-optimized law that
is based on the cancellation of the master and slave dynamics
seriously jeopardizes stability robustness in most of the con-
trol architectures. This is especially noticeable in the case of
the F-P and the four-channel control architectures where η is
upper bounded by 1. This may make sense as the four-channel
controller is unstable for Ke > 2000 N/m. Simulation with
other types of master and slave manipulators that have not
been reported in this paper have resulted in η4C < 1 for all
frequencies. In return, the 4C architecture offers transmitted
impedances to the operator with the lowest minimum and the
widest bandwidth. This can be observed from Figures 13b
and 13c and Figures 8b and 8c, as well as from the position
and force responses in Figures 13d, 13e, 13f, and 13g. It
can be concluded that the transparency-optimized control law
(26) makes the biggest sacrifice of stability for performance
when applied to the four-channel control architecture. How-
ever, one should note that it is always possible to obtain better
stability robustness at the cost of poorer performance by elim-
inating two data transmission channels, that is, implementing
one of the two-channel control architectures.

6. Conclusions

In this paper, the interpretation of the four-channel control ar-
chitecture based on assumed impedance models of the master
and slave was extended to teleoperation systems with admit-
tance master and/or slave.

Conditions on the control parameters leading to perfect
transparency when transmission delay is negligible were also
derived. The new formalisms can also be used in the de-
sign and analysis of teleoperation systems that do not have an
impedance model.

Although four-channel control architectures can provide
stable perfectly transparent systems in theory, stability and
performance for these systems are compromised due to the
communication-channel delay as well as the operator and en-
vironment dynamic uncertainties. In the second part of this
work, the stability and performance robustness of two-channel
and four-channel control architectures were analyzed using
Llewellyn’s absolute stability criterion as well as the min-
imum (Ztomin) and dynamic range (Ztowidth) of the trans-
mitted impedance to the operator. These analysis tools can
provide clear insight into the significance of the control pa-
rameters on stability robustness and performance. It has been
shown that by proper selection of the MSN parameters, it
is possible to analytically study robustness in two-channel
architectures, whereas for more complicated schemes, such
as four-channel architectures, numerical evaluations can be
employed.

The analysis of two-channel architectures has pointed at
the trade-offs between stability and performance in terms of
the control parameters, especially the force feedforward pa-
rameters. In particular, stability robustness is enhanced at the

cost of smaller Ztowidth if the feedforward control parame-
ters are lowered. On the other hand, the effect of local control
parameters depends on the control architecture and the feed-
forward control parameters chosen. The analysis has shown
that regardless of the feedforward control parameters, the
force-force, position-position, force-position, and position-
force architectures are likely to provide higher stability robust-
ness to the impedance-impedance, admittance-admittance,
admittance-impedance, and impedance-admittance types of
teleoperation systems, respectively. Performance-wise, an
increase in local force feedback parameters attenuates both
Ztomin and Ztowidth and an increase in local position feed-
back parameters increases Ztomin. Some of the above conclu-
sions were validated by dynamic simulation of an impedance-
admittance type of teleoperation control system. To increase
stability robustness in four-channel control architectures, the
above analysis also suggested the adaptation of the master
and slave dynamics based on the operator and environment
contact types.

The above assertions may change if the feedforward con-
trol parameters are functions of the master and slave dynam-
ics and their local control parameters. This is clearly visible
in the conventional two-channel control architectures. As
an example, it has been observed from the numerical anal-
ysis results that the transparency-optimized control law (26)
severely degrades stability robustness of the architectures with
two channels and especially four channels of data transmis-
sion. Instead, the four-channel control architecture provides
the best transparency performance.

Appendix A: Effect of Operator and Environ-
ment Impedance on Absolute Stability

Consider a teleoperation system with master-slave two-port
network N connected to an operator and an environment
as shown in Figure 14. The operator and environment
impedances are split into nominal passive impedances Zh and
Ze with infinite dynamic range, and shunt passive impedances
Z̄h and Z̄e representing the operator and the environment max-
imum impedances. Because the dynamic range of the operator
and environment impedances is finite, the absolute stability
of N that assumes infinite dynamic range for the operator
and environment may provide a rather conservative stability
robustness condition set. A more relaxed set of conditions
may be found by examining the absolute stability of the new
two-port network N ′ created by absorbing Z̄h and Z̄e into N.
In this case, Zh and Ze that are connected to N ′ have infi-
nite dynamic range. Therefore, Llewellyn’s absolute stability
criterion can easily be applied as follows:

η ′
H = − cos($ h′

12h
′
21) + 2

"{h′
11}"{h′

22}
|h′

12h
′
21|

(40)

"{h′
11} ≥ 0, (41)
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Fig. 14. Block diagram of a teleoperation system when the operator and environment maximum impedance values are bounded
by Z̄h and Z̄e, respectively.

where η ′
H is the stability parameter associated with N ′ and

h′
11, h

′
12, h

′
21, and h′

22 are the hybrid parameters of N ′ de-
fined as

[

Fh

−V ′
e

]

:=
[

h′
11 h′

12
h′

21 h′
22

] [

V ′
h

Fe

]

. (42)

After substituting for the through variables Vh and Ve from

Vh = V ′
h − Fh

Z̄h

, Ve = V ′
e + Fe

Z̄e

(43)

into (5) and comparing the resulting dynamics with (42), the
new hybrid matrix H ′ can be expressed in terms of the original
hybrid parameters as

H ′ =









h11Z̄h

Z̄h + h11

h12Z̄h

Z̄h + h11
h21Z̄h

Z̄h + h11
h22 − h12h21

Z̄h + h11
+ 1

Z̄e









. (44)

If the performance of the teleoperator is close to transparent,
then h11 is small such that h11 . Z̄h and H ′ can be approx-
imated by

H ′ :=
[

h′
11 h′

12
h′

21 h′
22

]

≈
[

h11 h12

h21 h22 − h12h21
Z̄h

+ 1
Z̄e

]

.

(45)

Because "{h22 + −h12h21
Z̄h

+ 1
Z̄e

} = "{h22} + "{−h12h21
Z̄h

} +
"{ 1

Z̄e
}, stability parameter η ′

H in (40) can now be expanded
and expressed in terms of the original hybrid parameters as

η ′
H = − cos($ h12h21) + 2

"{h11}"{h22}
|h12h21|

+ 2
"{h11}"{−h12h21

Z̄h
}

|h12h21|
+ 2

"{h11}"{ 1
Z̄e

}
|h12h21|

.

(46)

The first two terms on the right-hand side of (46) constitute
ηH, that is, the stability parameter of N derived by incor-
porating h11, h12, h21, and h22 in the Llewellyn conditions
(8)-(9). Therefore, η ′

H can be further simplified as

η ′
H = ηH + 2

"{h11}"{−h12h21
Z̄h

}
|h12h21|

+ 2
"{h11}"{ 1

Z̄e
}

|h12h21|
= ηH + 2

"{h11}
|Z̄h|

cos( $
−h12h21

Z̄h

) (47)

+2
"{h11}"{ 1

Z̄e
}

|h12h21|
.

Because Z̄h and Z̄e are both assumed to be passive, −90◦ <
$ Z̄h < 90◦ and "{ 1

Z̄e
} > 0 hold. Considering this and that

"{h11} ≥ 0 in (8) for N, the following results are concluded
from (47):

• The limitation on the environment impedance dynamic
range adds positive value to the stability parameter ηH,
resulting in a more relaxed absolute stability condition-
set.

• If h12 and h21 are in opposite directions, that is,
$ h12h21 = 180◦, then the limitation on the operator
impedance dynamic range enhances the system stabil-
ity robustness by adding positive value to ηH. In fact,
this is the case for transparent teleoperation systems in
which h12h21 = −1. If $ h12h21 $= 180◦, then at low
or high frequencies stability robustness is degraded as
cos($ −h12h21

Z̄h
) < 0. The only exception is when Z̄h

holds a strong damping property. In this case, stability
robustness still improves as long as $ h12h21 ≥ 90◦.

Appendix B: Four-Channel Controller
for Teleoperators with Admittance
Master and/or Slave

In this appendix, perfect transparency conditions for teleop-
eration systems with admittance master and/or slave are sum-
marized in Tables 4, 5, and 6. Note that Yem := Ym + E−1

m

and Yes := Ys + E−1
s .
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Table 4. Master-Slave Two-Port Network Parametric Specifications and the Transparency-Optimized Law for
Impedance-Admittance Type Teleoperation Systems Controlled by a General Four-Channel Bilateral Controller

Master-slave two-port network
hybrid parameters

h11 = (1+E5)Zcm+E3C4e
−2sTd

(1+E5)(1+C6)−E−1
1 C4e

−2sTd

h12 = C2(1+E5)e
−sTd −C4Yese

−sTd

(1+E5)(1+C6)−E−1
1 C4e

−2sTd

h21 = −E3(1+C6)e
−sTd +E−1

1 Zcme−sTd

(1+E5)(1+C6)−E−1
1 C4e

−2sTd

h22 = (1+C6)Yes−E−1
1 C2e

−2sTd

(1+E5)(1+C6)−E−1
1 C4e

−2sTd

Transmitted impedance Zto = [(1+E5)Zcm+E3C4e
−2sTd ]+[ZcmYes+C2E3e

−2sTd ]Ze

[(1+E5)(1+C6)−E−1
1 C4e

−2sTd ]+[(1+C6)Yes+E−1
1 C2e

−2sTd ]Ze

Transparency-optimized
control law

E−1
1 = Yes, C2 = 1 + C6, E3 = 1 + E5, C4 = −Zcm, (C2, E3) $= (0, 0)

Table 5. Master-Slave Two-Port Network Parametric Specifications and the Transparency-Optimized Law for
Admittance-Impedance Type Teleoperation Systems Controlled by a General Four-Channel Bilateral Controller

Master-slave two-port network
hybrid parameters

h11 = (1+E6)Zcs−C1E2e
−2sTd

YemZcs+E2C3e
−2sTd

h12 = E−1
4 Zcse

−sTd +E2(1+C5)e
−sTd

YemZcs+E2C3e
−2sTd

h21 = −C3(1+E6)e
−sTd +C1Yeme−sTd

YemZcs+E2C3e
−2sTd

h22 = (1+C5)Yem+C3E
−1
4 e−2sTd

YemZcs+E2C3e
−2sTd

Transmitted impedance Zto = [(1+E6)Zcs−C1E2e
−2sTd ]+[(1+C5)(1+E6)−C1E

−1
4 e−2sTd ]Ze

[YemZcs+E2C3e
−2sTd ]+[(1+C5)Yem+C3E

−1
4 e−2sTd ]Ze

Transparency-optimized
control law

C1 = Zcs, E2 = 1 + E6, C3 = 1 + C5, E−1
4 = −Yem, (E2, C3) $= (0, 0)
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Table 6. Master-Slave Two-Port Network Parametric Specifications and the Transparency-Optimized Law for
Admittance-Admittance Type Teleoperation Systems Controlled by a General Four-Channel Bilateral Controller

Master-slave two-port network
hybrid parameters

h11 = (1+E5)(1+E6)−E2E3e
−2sTd

(1+E5)Yem+E−1
1 E2e

−2sTd

h12 = −E−1
4 (1+E5)e

−sTd +E2Yese
−sTd

(1+E5)Yem+E−1
1 E2e

−2sTd

h21 = E−1
1 (1+E6)e

−sTd +E3Yeme−sTd

(1+E5)Yem+E−1
1 E2e

−2sTd

h22 = YemYes+E−1
1 E−1

4 e−2sTd

(1+E5)Yem+E−1
1 E2e

−2sTd

Transmitted impedance Zto = [(1+E5)(1+E6)−E2E3e
−2sTd ]+[(1+E6)Yes+E3E

−1
4 e−2sTd ]Ze

[(1+E5)Yem+E−1
1 E2e

−2sTd ]+[YemYes+E−1
1 E−1

4 e−2sTd ]Ze

Transparency-optimized
control law

E−1
1 = Yes, E2 = 1 + E6, E3 = 1 + E5, E−1

4 = −Yem, (E2, E3) $= (0, 0)

Appendix C: Analysis of Force-Force and
Position-Force Control Architectures

Force-Force Control Architecture

In the force-force (F-F) control architecture, proposed by
Kazerooni, Tsay, and Hollerbach (1993), the coordinating
force feedforward controls are removed; that is, C1 = C4 =
0. In this case, it is easiest to analyze stability robustness
in terms of the master-slave two-port network admittance
parameters

y11 := 1
h11

= 1 + C6

Zcm
, y12 := h12

h11
= −C2e

−sTd

Zcm

y21 := −h12

h11
= −C3e

−sTd

Zcs
, y22 := $h

h11
= 1 + C5

Zcs
. (48)

From (9),

ηff (ω) := ηff 1 + ηff 2 = − cos($
C2C3e

−j2ωTd

ZcmZcs
)

+2
"{ 1+C6

Zcm
}"{ 1+C5

Zcs
}

|C2C3e
−j2ωTd

ZcmZcs
|

(49)

= sgn(C2C3)[− cos( $ ZcmZcse
j2ωTd )

+2
(1+C5)(1+C6)

C2C3
cos( $ Zcm) cos($ Zcs)]. (50)

The delay-dependent terms are lumped into ηff 1. Because
ηff 1 ∈ [−1, 1] and includes ej2ωTd , the absolute stability of
the system can be guaranteed only when ηff 2 ≥ 2. Because
Zcm and Zcs are passive, −90◦ < $ Zcm , $ Zcs < 90◦ holds,
and as a result cos($ Zcm) cos($ Zcs) ∈ [0, 1]. Therefore, to
guarantee absolute stability for only some range of frequen-
cies, (1 + C5)(1 + C6) > |C2C3| must hold, implying higher
amount of local force feedback (lower master and slave total
impedances) or lower amount of force feedforward. This sug-
gests that in terms of stability robustness, the F-F control ar-
chitecture is more suitable for an impedance-impedance type
of teleoperation system. In addition, Zcm and Zcs and, conse-
quently, the local position control parameters do not have as
much effect on absolute stability as do the local force control
parameters C5 and C6. Because at high frequencies ηff 1 fluc-
tuates between −1 and 1, and cos($ Zcm) cos($ Zcs) → 0, the
force control parameters cannot guarantee absolute stability
for all frequencies unless the force feedforward parameters
C2 and C3 are low-pass filters instead of constant gains as
assumed in Table 1. In this case, (50) is not valid anymore
and (49) has to be used instead. The idea of low-pass filtering
the feedforward signals for enhanced stability was discussed
in Yoshikawa and Ueda (1996) and Eusebi and Melchiorri
(1998).

 at JOHNS HOPKINS UNIV on April 11, 2011ijr.sagepub.comDownloaded from 

http://ijr.sagepub.com/


Hashtrudi-Zaad and Salcudean / Control Architectures for Teleoperation Systems 443

To study performance, the hybrid parameters are incorpo-
rated in (13)-(14) to yield

Ztomin = Zcm

1 + C6

Ztowidth = C2C3Ztomine
−2sTd

(1 + C5)(1 + C6) − C2C3e−2sTd
.

(51)

Similar to the position-position (P-P) and force-position (F-P)
cases, an increase in the force feedforward parameters C2 and
C3 improves performance as stability robustness degrades.
On the other hand, increasing local force feedback parame-
ters C5 and C6 has a mixed effect on performance as both
Ztomin and Ztowidth decrease. This indicates that the stabil-
ity versus performance trade-off is less evident when tuning
local force control parameters. Amplification of local posi-
tion feedback in Zcm increases transparency dynamic range
at the cost of poor performance in free motion as the mas-
ter becomes sluggish. This is due to the fact that Ztowidth is
proportional to Ztomin.

If the transparency-optimized control law (26) is used to
choose the feedforward control parameters according to C2 =
C6 + 1 and C3 = C5 + 1, then ηff simplifies to

ηff (ω) = sgn((1 + C5)(1 + C6))[− cos( $ ZcmZcse
j2ωTd )

+ 2 cos($ Zcm) cos($ Zcs)]
(52)

and the stability parameter is no longer a function of the
force feedback nor a strong function of feedforward param-
eters C5, C6, C2, and C3. The only way to slightly improve
the stability robustness is through cos($ Zcm) and cos($ Zcs)

by increasing the relative amount of damping in the mas-
ter and slave dynamics. If the time delay is negligible, by
using hybrid parameters it is possible to show that ηff =
sgn( 1+C5

1+C6
) cos($ Zcm

Zcs
) ≤ 1, ∀ω ≥ 0 and Ztowidth → ∞,

implying a wide range of transmitted impedance at the cost
of potential instability. In the same way as in the P-P ar-
chitecture, ηff is maximized to unity at all frequencies if
Mm
Ms

= Bm
Bs

= Km
Ks

holds.

Position-Force Control Architecture

The position-force (P-F) control architecture has not yet been
implemented, except for in haptic simulation applications in
Adams and Hannaford (1999), where this architecture was
employed to communicate between an admittance-type haptic
device and a virtual environment. In this architecture, the
direct force feedforward from the slave to the master and the
coordinating force feedforward from the master to the slave
are removed; that is, C1 = C2 = 0. The inverse hybrid
parameters

g11 := h22

$h
= 1 + C6

Zcm
, g12 := −h12

$h
= C4e

−sTd

Zcm

g21 := −h21

$h
= C3e

−sTd

1 + C5
, g22 := h11

$h
= Zcs

1 + C5
(53)

can be used to easily evaluate ηpf according to

ηpf (ω) := ηpf 1 + ηpf 2 = − cos($
C3C4e

−j2ωTd

(1 + C5)Zcm
)

+ 2
"{1 + C6

Zcm
}"{ Zcs

1 + C5
}

|C3C4e
−j2ωTd

(1 + C5)Zcm
|

(54)

= sgn(1 + C5)[− cos( $
C3C4e

−j2ωTd

Zcm
)

+ 2
(1 + C6)"{Zcs}

|C3C4|
cos( $

1
Zcm

)].
(55)

Dual to the F-P architecture, the absolute stability con-
dition (9) is met over a certain range of frequencies in
which ηpf 2 ≥ 2, that is, when (1 + C6)"{Zcs} ≥ sgn(1
+ C5)|C3C4|. This implies that in order to increase stabil-
ity robustness, slave damping and master local force feed-
back should be increased (higher slave and lower master
impedances) whereas force feedforward parameters should
be decreased. This suggests that the P-F architecture is more
likely to be stable for the impedance-admittance type of tele-
operation system. In addition, there has to be a minimum
amount of damping in the slave. To increase stability robust-
ness at high frequencies despite convergence of cos( $ 1

Zcm
) to

zero, the feedforward control parameter C3 has to be a low-
pass filter instead of a constant as assumed in Table 1. Also
from (55), the effect of local slave force and master position
feedback on absolute stability is not as significant as the effect
of the local slave position and master force feedback. Finally,
damping at the slave side has a stronger effect on stability than
damping at the master side.

Using the hybrid parameters, Ztowidth and Ztowidth are
derived as

Ztomin = ZcmZcs

(1 + C6)Zcs − C3C4e−2sTd

Ztowidth = −C3C4Zcme−2sTd

(1 + C6)[(1 + C6)Zcs − C3C4e−2sTd ] .
(56)

As with the other architectures, performance improves as
the force feedforward control parameters increase. In ad-
dition, higher local force feedback decreases both Ztomin and
Ztowidth. Higher local position feedback degrades perfor-
mance in free motion or soft contact operations.
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If the transparency-optimized control law (26) is employed
to select the feedforward control parameters C1 and C2, ηpf

in (55) is further simplified to

ηpf (ω) = cos($ e−j2ωTd ) + 2
1 + C6

1 + C5
"{ 1

Zcm
}"{Zcs}.

(57)

As a result, the system parameter changes such that in
addition to the master local force feedback and slave damp-
ing, the slave local force feedback and the master local po-
sition feedback are now pivotal factors in stability robust-
ness of the system as well. To guarantee absolute stability,
1+C6
1+C5

"{Zcs}"{ 1
Zcm

} ≥ 1 must hold, which is achievable only

at midrange frequencies as "{ 1
Zcm

} → 0 at low and high
frequencies. If time delay is insignificant, then the system
is always absolutely stable as ηpf ≥ 1, ∀ω ≥ 0, and nei-
ther Ztomin → 0 nor Ztowidth → ∞. This suggests that the
transparency-optimized control law sacrifices stability more
in the P-P and F-F architectures than in the P-F architecture.
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